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QUANTUM E(2) GROUPS FOR COMPLEX DEFORMATION
PARAMETERS
ATIBUR RAHAMAN AND SUTANU ROY
Abstract. We construct a family of q deformations of E(2) group for nonzero
complex parameters |q| < 1 as locally compact braided quantum groups over
the circle group T. The braided structure is governed by the unitary R-matrix
R: Z × Z → T defined by R(m,n) := (ζ)mn, where ζ := q/q¯. For real 0 <
|q| < 1, the deformation coincides with Woronowicz’s Eq(2) groups. Moreover,
we also observe that the braided quantum SU(2) and braided quantum E(2)
groups are related through the contraction procedure, with respect to the
common closed quantum subgroup T, in the spirit of Woronowicz’s quantum
analogue [17] of the classic Wigner-Inönü group contraction.
1. Introduction
Quantum E(2) groups for real deformation parameters [15, 16] were used as a
prototype for constructing a large class of examples of locally compact quantum
groups [21, 22]. Let q ∈ C \ {0} with |q| < 1 be a fixed complex number. Consider
a pair of operators (v, n) satisfying the following conditions
v is unitary, n is normal, vnv∗ = qn, Sp(n) = C
|q|
, (1.1)
where C
|q|
:=
{
λ ∈ C : |λ| ∈ |q|Z
}
∪ {0}. Consider q = |q|Φq and n = |n|Φn, the
polar decomposition. The explicit meaning of the commutation relation vnv∗ = qn
is vΦnv
∗ = ΦqΦn and v|n|v
∗ = |q||n|.
The spectral condition of n implies that C0(C
|q|
) is generated by (unbounded
normal operator) n in the sense of [19, Definition 3.1]. The commutation rela-
tion vnv∗ = qn implements the following continuous action α : Z→ Aut(C0(C
|q|
)):
αk(f)(λ) = f(q
kλ), for all k ∈ Z, f ∈ C0(C
|q|
) and λ ∈ C
|q|
. (1.2)
Let B = C0(C
|q|
)⋊α Z be the associated crossed product C
∗-algebra. By virtue of
[16, Theorem 1.6] and the universal property of the C∗-algebra crossed products, the
pair of operators (v, n) in (1.1) generates the C∗-algebra B. In particular, v, n /∈ B
but affiliated with B, see [16, Definition 1.1].
Let L be a Hilbert space equipped with an orthonormal basis {eij}i,j∈Z. A
concrete realisation of (1.1) on L is given by
vei,j := ei−1,j , nei,j := q
iei,j+1. (1.3)
Observe that any Hilbert space realisation of (1.1) is either one dimensional or
infinite dimensional. Moreover, the direct integral of all irreducible representations
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of (1.1) is unitarily equivalent to (1.3), see [16, Section 3 (B)]. Therefore, (1.3)
defines a faithful nondegenerate ∗-representation of B on L.
In particular, for a real deformation parameter 0 < q < 1, Woronowicz had
shown in [15, 16] that (B,∆B), where ∆B : B → M(B ⊗ B) is a nondegenerate
∗-homomorphism defined by
∆B(v) = v ⊗ v, ∆B(n) = v ⊗ n∔ n⊗ v
∗, (1.4)
is a locally compact quantum group in the C∗-algebraic setting or C∗-quantum
group in the sense of [20]. Here ⊗,M(B) and ∔ denote the minimal tensor product
of C∗-algebras, multiplier algebra of B and the closure of the sum of the operators,
respectively. Also, ∆B(n) is affiliated with B ⊗ B. The pair (B,∆B) was defined
as quantum deformations of the E(2) groups.
Suppose q ∈ C is a fixed complex number such that 0 < |q| < 1 and Φq 6=
±1 with polar decomposition q = Φq|q|. However, the passage from real q to
complex q reveals two interesting features immediately. Firstly, the underlying
quantum spaces for the deformation parameter |q| is isomorphic to the one for
the complex parameter q, see Proposition 5.1. Secondly, even at the algebraic level,
∆B(n) and ∆B(n)
∗ do not commute. Thus, (B,∆B) fails to be a C
∗-quantum group
unless q = q. We address this issue by replacing the ordinary tensor product ⊗ by
a twisted tensor product ⊠R associated to the bicharacter R: Z× Z→ T
R(m,n) := ζmn, for all m,n ∈ Z with ζ :=
q
q
= (Φq)
2, (1.5)
and modify ∆B such that it becomes a nondegenerate
∗-homomorphism B →
M(B ⊠R B) and the pair (B,∆B) is a C
∗-quantum group in more general sense,
namely, a braided C∗-quantum group.
Suppose {ep}p∈Z be an orthonormal basis of ℓ
2(Z). Then C(T) is the (universal)
C∗-algebra generated by the right shift operator zep := ep+1 on ℓ
2(Z). Also C(T)
along with the comultiplication map ∆C(T)(z) := z ⊗ z is a (compact) quantum
group and denote it by G.
The universal property of B ensures that (v, λ)→ v and (n, λ)→ λn for all λ ∈ T
extends uniquely to an action of T on B. Equivalently, there is an action δ : B →
M(B ⊗ C(T)) of G on B defined by
δ(v) := v ⊗ 1, δ(n) = n⊗ z; (1.6)
Consider the category C∗alg(G) whose objects are C∗-algebras equipped with an
action of G (equivalently action of T) and morphisms are G-equivariant (equiva-
lently T-equivariant) nondegenerate ∗-homomorphisms. Clearly, (C(T),∆C(T)) and
(B, δ) are objects of C∗alg(G). The monoidal structure ⊠R on C
∗alg(G) is defined
as follows: C ⊠R D is a C
∗-algebra for all objects (C, δC), (D, δD) of C
∗alg(G)
with injective nondegenerate ∗-homomorphisms j1 : C →M(C⊠RD) and j2 : D →
M(C ⊠R D) such that the
∗-algebra generated by {j1(c)j2(d) | c ∈ C, d ∈ D} is
dense in C⊠RD. The nontriviality of C⊠RD means that j1 and j2 do not commute
pointwise. In particular, we consider B⊠RB and define a braided analogue of (1.4)
by
∆B(v) := j1(v)j2(v), ∆B(n) := j1(v)j2(n)∔ j1(n)j2(v
∗). (1.7)
The primary goal of this article is to show that Eq(2) = (B,∆B) is a braided
C∗-quantum group over T. Here T is viewed as a quasitriangular compact quantum
group G = (C(T),∆C(T)) with respect to R as explained in the Example 2.11.
Motivated by Woronowicz’s axiomatisation of C∗-quantum groups [20], the the-
ory of braided C∗-quantum groups presented in [12] was developed using manage-
able braided multiplicative unitaries [9, 11] in the unitarily braided monoidal the
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category YDRep(G) of Yetter-Drinfeld representations [8] of a regular quantum
group G, in the sense of [2], on separable Hilbert spaces.
However, the representation category of a quasitriangular quantum group G,
with respect a unitary R-matrix, is always a unitarily braided monoidal cate-
gory [8, Section 3]. Therefore, it is natural to work with manageable braided
multiplicative unitaries in Rep(G) instead of YDRep(G) and construct braided
C∗-quantum groups out of it whenever G is a quasitriangular quantum group.
After gathering all the necessary preliminaries in Section 2, we fix a regular qua-
sitriangular C∗-quantum group G = (A,∆A) with respect to a unitary R-matrix
R ∈ U(Aˆ⊗ Aˆ), and introduce the notion of manageable braided multiplicative uni-
taries in the representation category Rep(G) in Section 3. Here Ĝ = (Aˆ, ∆ˆA) is the
dual of G. The R-matrix R gives a monoidal embedding F : Rep(G)→ YDRep(G),
see Proposition A.2. The embedding F not only maps a braided multiplicative uni-
tary in Rep(G) to a braided multiplicative unitary in YDRep(G) but also preserves
their manageability. With the help of these we construct braided C∗-quantum
groups in C∗alg(G) from manageable braided multiplicative unitaries in Rep(G),
see Theorem 3.6. The regularity of G plays a crucial role in the proof.
Section 4 is devoted to preparation at the Hilbert space level and the construction
of a manageable braided multiplicative unitary over the quasitriangular compact
quantum groupG = (C(T),∆C(T)) with respect to the unitary bicharacter R in (1.5).
We identify L ∼= ℓ2(Z)⊗ℓ2(Z) and use the canonical action of T on the second tensor
factor. This makes L an object of Rep(G) and R induces the unitary braiding ∈
U(L ⊗ L) defined on the standard basis elements {ei,j ⊗ ek,l}i,j,k,l∈Z of L ⊗ L by
ei,j⊗ek,l → ζ
−jlek,l⊗ei,j . Then we construct a manageable braided multiplicative
unitary F ∈ U(L ⊗ L) in Rep(G) (see Theorem 4.6).
The main results are presented in Section 5. We apply Theorem 3.6 and construct
braided Eq(2) group (B,∆B) from F (see Theorem 5.8). In particular, we observe
that the underlying quantum space B does not depend on Φq. Furthermore, we
describe the analytic counter part of the bosonization (semidirect product quantum
group), introduced by Radford [10] and further studied by Majid [5], associated to
Eq(2) in Theorem 5.14. In this way, we produce a new example of a (noncompact
locally compact) C∗-quantum group.
For real 0 < |q| < 1, the quantum analogue of the Wigner-Inönü group con-
traction between SUq(2) and Eq(2) with respect to the common (closed) quantum
subgroup T was developed by Woronowicz [17]. Indeed, T is a closed quantum
subgroup of braided SUq(2) groups [13, Proposition 4.1] in the sense of Woronow-
icz [3, Definition 3.2]. Similarly, we observe in Remark 5.9 that T is also a closed
quantum subgroup of Eq(2). We present a braided analogue of the contraction
procedure between SUq(2) and Eq(2) with respect to T in final section 6.
2. Preliminaries
All Hilbert spaces and C∗-algebras (which are not explicitly multiplier algebras)
are assumed to be separable. For a C∗-algebraA, letM(A) be its multiplier algebra
and let U(A) be the group of unitary multipliers of A. The unit ofM(A) is denoted
by 1A. For two norm closed subsets X and Y of a C
∗-algebra A and T ∈ M(A),
set
XTY := {xTy : x ∈ X, y ∈ Y }−closed linear span.
Let C∗alg be the category of C∗-algebras with nondegenerate ∗-homomorphisms
ϕ : A →M(B) as morphisms A → B; let Mor(A,B) denote the set of morphisms.
We use the same symbol for an element of Mor(A,B) and its unique unital extension
from M(A) to M(B).
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Let H be a Hilbert space. A representation of a C∗-algebra A is a nondegen-
erate ∗-homomorphism π : A → B(H). Since B(H) = M(K(H)) and the nonde-
generacy conditions π(A)K(H) = K(H) and π(A)H = H are equivalent; hence
π ∈ Mor(A,K(H)). The identity operator on H is denoted by idH. Whereas the
the unit element of M(K(H)) = B(H) is denoted by 1H.
We write Σ for the tensor flip H⊗K → K⊗H, x⊗ y 7→ y ⊗ x, for two Hilbert
spaces H and K. We write σ for the tensor flip isomorphism A ⊗ B → B ⊗ A for
two C∗-algebras A and B.
2.1. C*-quantum groups, actions and representations. Let H be a Hilbert
space. An element W ∈ U(H ⊗ H) is called a multiplicative unitary if it satisfies
the pentagon equation
W23W12 =W12W13W23 in U(H⊗H⊗H). (2.1)
Furthermore, W ∈ U(H⊗H) is said to be manageable if there is a strictly positive
operator Q on H and a unitary W˜ ∈ U(H⊗H) satisfying
W(Q⊗Q)W∗ = Q⊗Q, 〈x⊗ u |W | z ⊗ y〉 = 〈z ⊗Qu | W˜ | x⊗Q−1y〉 (2.2)
for all x, z ∈ H, u ∈ D(Q) and y ∈ D(Q−1) (see [20, Definition 1.2]). Here H is
the conjugate Hilbert space, and an operator is strictly positive if it is positive and
self-adjoint with trivial kernel. The condition W(Q⊗ Q)W∗ = Q⊗ Q means that
the unitary W commutes with the unbounded operator Q⊗Q.
A C∗-quantum group G = (A,∆A) consists of a C
∗-algebra A and an ele-
ment ∆A ∈ Mor(A,A ⊗ A) constructed from a manageable multiplicative uni-
tary W [20, Theorem 1.5]. Let Ĝ = (Aˆ, ∆ˆA) be the dual C
∗-quantum group and
let W ∈ U(Aˆ⊗A) be the reduced bicharacter. In particular,
A := {(ω ⊗ idA)W | ω ∈ Aˆ
′}−closed linear span ⊂ B(H),
Aˆ := {(idAˆ ⊗ ω)W | ω ∈ A
′}−closed linear span ⊂ B(H).
(2.3)
Moreover, ∆A and ∆ˆA are characterised by
(idAˆ ⊗∆A)W = W12W13 in U(Aˆ⊗A⊗A),
(∆ˆA ⊗ idA)W = W23W13 in U(Aˆ⊗ Aˆ⊗A).
(2.4)
We reserve the phrase “quantum groups” for C∗-quantum groups. An important
concept in the theory of quantum groups is the concept of regularity introduced by
Baaj and Skandalis in [2]. A quantum group G = (A,∆A) is said to be regular
if (Aˆ⊗ 1A)W(1Aˆ ⊗A) = Aˆ⊗A. Dual of a regular quantum group is again regular.
Example 2.5. Let G be a locally compact group. Let H := L2(G) with respect
to the right Haar measure on G. A routine computation shows that the operator
(Wξ)(g1, g2) := ξ(g1g2, g2) for all ξ ∈ L
2(G × G) is a manageable multiplicative
unitary with Q = idH and W˜ = W
∗ and generates the quantum group G =
(C0(G),∆C0(G)) where (∆C0(G)f)(g1, g2) := f(g1g2) for all f ∈ C0(G). In this
way, G is viewed as a quantum group. Hence we may write G is a quantum group
whenever a locally compact group G is viewed as quantum group. Let µ be the
right regular representation of G on H. The dual of G is Gˆ = (C∗r (G),∆C∗r (G)),
where ∆C∗r (G)(µg) := µg ⊗ µg. Also, G and Gˆ are regular quantum groups, and in
addition, Gˆ coincides with Gˆ as quantum group whenever G is Abelian.
A (right) action of G = (A,∆A) on a C
∗-algebra C is an injective morphism
δ : C → C ⊗A with the following properties:
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(1) δ is a comodule structure, that is,
(idC ⊗∆A)δ = (δ ⊗ idA)δ; (2.6)
(2) δ satisfies the Podleś condition:
δ(C)(1C ⊗A) = C ⊗A. (2.7)
We call (C, δ) a G-C∗-algebra. We shall drop δ from our notation whenever it
is clear from the context. A morphism f : C → D between two G-C∗-algebras
(C, δC) and (D, δD) is G-equivariant if δDf = (f ⊗ idA)δC . Let Mor
G(C,D) be the
set of G-equivariant morphisms from C to D. Let C∗alg(G) be the category with
G-C∗-algebras as objects and G-equivariant morphisms as arrows.
A (right) representation of G on a C∗-algebra is an element U ∈ U(D⊗A) with
(idD ⊗∆A)U = U12U13 in U(D ⊗A⊗A). (2.8)
In particular, if D = K(L) for some Hilbert space L, then U is said to be a (right)
representation of G on L.
The tensor product of representations Ui ∈ U(K(Li)⊗ A) for i = 1, 2 is defined
by U113U
2
23 ∈ U(K(L1⊗L2)⊗A). It is denoted by U
1 U2. An element t ∈ B(L1,L2)
is called an intertwiner if (t ⊗ 1A)U
1 = U2(t ⊗ 1A). The set of all intertwiners
between U1 and U2 is denoted by HomG(U1,U2). A routine computation shows
that is associative; and the trivial 1-dimensional representation is a tensor unit.
This gives representations a structure of W∗-category, which we denote by Rep(G);
see [14, Section 3.1–2] for more details. Objects ofRep(G) are pairs (L,U) consisting
of a Hilbert space L and a representation U of G on L.
A covariant representation of (C, δ,G) on a Hilbert space L is a pair (U, ϕ)
consisting of a representation U ∈ U(K(L)⊗A) of G and a representation ϕ : C →
B(L) of C that satisfy the covariance condition
(ϕ⊗ idA)δ(c) = U(ϕ(c)⊗ 1A)U
∗ in U(K(L) ⊗A) (2.9)
for all c ∈ C. A covariant representation is called faithful if ϕ is faithful. Existence
of faithful covariant representations is guaranteed in [8, Example 4.5].
2.2. Quasitriangular quantum groups. Let G = (A,∆A) be a quantum group
and let Ĝ = (Aˆ, ∆ˆA) be its dual. An element R ∈ U(Aˆ⊗Aˆ) is said to be an R-matrix
on Gˆ if it is a bicharacter:
(idAˆ ⊗ ∆ˆA)R = R12R13, (∆ˆA ⊗ idAˆ)R = R23R13, in U(Aˆ⊗ Aˆ⊗ Aˆ);
and satisfies the R-matrix condition:
R(σ ◦ ∆ˆA(aˆ))R
∗ = ∆ˆA(aˆ) for all aˆ ∈ Aˆ. (2.10)
A quasitriangular quantum group is a quantum groupG = (A,∆A) with anR-matrix
R ∈ U(Aˆ⊗ Aˆ), see [8, Definition 3.1].
Example 2.11. Every continuous bicharacter Z × Z → T satisfies the R-matrix
condition (2.10) because Aˆ = C0(Z) is a commutative C
∗-algebra. Thus T is
quasitringular with respect to any bicharacter on Z×Z. In particular, for q ∈ C\{0}
the bichracter R: Z× Z→ T in (1.5) is an R-matrix on Z.
Throughout this subsection we assume G = (A,∆A) is a quasitriangular quan-
tum group with anR-matrix R ∈ U(Aˆ⊗Aˆ). Then the categoriesRep(G) and C∗alg(G)
are of particular interest. More precisely, [8, Proposition 3.2 & Theorem 4.3] show
that Rep(G) is a unitarily braided monoidal category and C∗alg(G) is a monoidal
category, whenever G is a quasitriangular quantum group. We recall the explicit
construction of the unitary braiding on Rep(G) and the monoidal product ⊠R
on C∗alg(G).
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Let (α, β) be an R-Heisenberg pair acting on a Hilbert space L. More ex-
plicitly, α, β ∈ Mor(A,K(L)) and satisfy the commutation relation W1αW2β =
W2βW1αR12 in U(Aˆ ⊗ Aˆ ⊗ K(L)), where W1α := ((idAˆ ⊗ α)W)13 and W1β :=
((idAˆ⊗β)W)23 in U(Aˆ⊗Aˆ⊗K(L)), see [7, Definition 3.1]. Existence of R-Heisenberg
pairs is guaranteed in [7, Lemma 3.8].
Suppose (Li,U
i) are objects in Rep(G) for i = 1, 2. The proof of [7, Theorem
4.1] shows that there is a unique solution Z ∈ U(L1⊗L2), independent of the choice
of the R-Heisenberg pair (α, β), of the following equation
U11αU
2
2βZ12 = U
2
2βU
1
1α in U(L1 ⊗ L2 ⊗ L). (2.12)
The braiding unitary is defined by L2L1 := ZΣ ∈ HomG(U2 U1,U1 U2), see [8,
Equation 3.2].
Suppose (Ci, δi) are objects in C
∗alg(G) and (Ui, ϕi) are faithful covariant rep-
resentations of (Ci, δi,G) on Li for i = 1, 2. Clearly, (Li,U
i) are objects in Rep(G)
for i = 1, 2 and let L2L1 be the unitary braiding. Define ji ∈Mor(Ci,K(L1 ⊗L2))
by
j1(c1) := ϕ1(c1)⊗ 1K(L2), j2(c2) :=
L2L1 (ϕ2(c2)⊗ 1K(L2)
L2L1
∗
, (2.13)
for all ci ∈ Ci and i = 1, 2. Then C1 ⊠R C2 := j1(C1)j2(C2) ⊆ B(L1 ⊗ L2) is
a C∗-algebra and δ1 ⊲⊳ δ2(j1(c1)j2(c2)) := (j1 ⊗ idA)δ1(c1)(j2 ⊗ idA)δ2(c2) defines
an action of G on C1 ⊠R C2.
3. Braided C*-quantum groups over quasitriangular quantum groups
Let G = (A,∆A) be a quasitriangular quantum group with an R-matrix R ∈
U(Aˆ⊗ Aˆ).
Definition 3.1. Let (L,U) be an object of Rep(G). Let LL = ZΣ ∈ HomG(U
U,U U) be the braiding unitary. A unitary F ∈ U(L ⊗ L) is said to be a braided
multiplicative unitary over G relative to (U,R) if
(1) F ∈ HomG(U U,U U):
F12U13U23 = U13U23F12 in U(K(L ⊗ L)⊗A); (3.2)
(2) F satisfies the braided pentagon equation:
F23F12 = F12(
LL
23)F12(
LL
23)
∗
F23 in U(L ⊗ L ⊗ L). (3.3)
Recall the bounded coinverse RA ∈ Mor(A,A) of G as in [20, Theorem 1.5
(4)]. Then Uc := UT⊗RA ∈ U(K(L)⊗ A) is the contragradient representation of U,
where T is the transposition defined by TTx¯ := T ∗x for all T ∈ B(L) (see [14,
Definition 11]). There is a unique element Z˜ ∈ U(L ⊗ L) satisfying (2.12) for the
representations (Uc,U).
SupposeG is constructed from a manageable multiplicative unitaryW ∈ U(L⊗L)
and Q be the strictly positive operator acting on L appearing in (2.2). Let π ∈
Mor(A,K(H)) be the embedding in (2.3) and let U := (idA ⊗ π)U ∈ U(L ⊗H).
Definition 3.4. A braided multiplicative unitary F ∈ U(L ⊗ L) over G relative
to (U,R) is said to be manageable if there is a strictly positive operator QL on L
and a unitary F˜ ∈ U(L ⊗ L) such that
F(QL ⊗QL)F
∗ = QL ⊗QL, U(QL ⊗Q)U
∗ = QL ⊗Q,
and
〈x ⊗ u | Z∗F | y ⊗ v〉 = 〈y ⊗QLu | F˜Z˜
∗ | x⊗Q−1L v〉 (3.5)
for all x, y ∈ L, u ∈ D(QL), v ∈ D(Q
−1
L ).
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The main result of this section is the construction of braided C∗-quantum groups
from manageable braided multiplicative unitaries in Rep(G).
Theorem 3.6. Let F ∈ U(L ⊗ L) be a manageable braided multiplicative unitary
over a regular quantum group G = (A,∆A) relative to (U,R). Let
B := {(ω ⊗ idL)F | ω ∈ B(L)∗}
−closed linear span ⊂ B(L). (3.7)
Then
(1) B is a nondegenerate, separable C∗-subalgebra of B(L);
(2) Define β(b) := U(b ⊗ 1A)U
∗ for all b ∈ B. Then β ∈ Mor(B,B ⊗ A)
and (B, β) is an object of C∗alg(G);
(3) F ∈ U(K(L)⊗B);
Consider the twisted tensor product B⊠RB. Suppose j1, j2 ∈ Mor
G(B,B⊠R
B) are the canonical elements.
(4) There exists a unique ∆B ∈Mor
G(B,B ⊠R B) characterised by
(idK(L) ⊗∆B)F =
(
(idK(L) ⊗ j1)F
)(
(idK(L) ⊗ j2)F
)
. (3.8)
Moreover, ∆B is coassociative: (∆B ⊠R idB)∆B = (idB ⊠R ∆B)∆B and
satisfy the cancellation conditions: ∆B(B)j1(B) = B⊠RB = ∆B(B)j2(B).
The pair (B,∆B) is said to the braided C
∗-quantum group (over G) generated by
the braided multiplicative unitary F.
Proof. Let (L,V) be the object in Rep(Gˆ) induced by the R-matrix R from (L,U)
in (A.3). The functor F : Rep(G) → YDRep(G) in the Proposition A.2 does not
change the underlying Hilbert spaces and the morphisms. Since F ∈ HomG(U
U,U U) inRep(G) it is also an endomorphism of the object (L,U,V) in YDRep(G);
hence F ∈ HomGˆ(V V,V V) in Rep(Gˆ). This implies that (3.3) remains same
in YDRep(G). Hence, F is also a braided multiplicative unitary in the sense of
[9, Definition 3.2]. Let π ∈ Mor(A,K(H)) and πˆ ∈Mor(Aˆ,K(H)) are the canonical
embeddings in (2.3). Define R′ := (πˆ⊗ πˆ)R ∈ U(H⊗H) and V := (idK(L) ⊗ πˆ)V ∈
U(L ⊗ H). Using [7, Equation 33] we obtain a concrete realisation of (A.3) as
follows
R′23U12R
′∗
23 = U12V13 in U(L ⊗H⊗H).
Manageability of F implies U commutes with QL ⊗Q. Furthermore, R
′ commutes
with Q ⊗ Q by [7, Proposition 3.10]. Therefore, V13 commutes with QL ⊗ Q ⊗ Q
which implies that V commutes with QL ⊗ Q. Thus F is also manageable in the
sense of [9, Definition 3.5]. Hence [12, Theorem 3.11] completes the proof. In
fact, the conclusions (1) − (3) and, assuming the existence of ∆B characterised
by (3.8), the cancellation conditions in (4) follow immediately. Define ∆B(b) :=
F(b ⊗ 1)F∗ for all b ∈ B. Observe that (B →֒ B(L),U) is a faithful covariant
representation (B, β,G) on L. Hence, the braiding operator in Definition 3.1
will be used to define the canonical embeddings j1, j2 ∈ Mor
G(B,B⊠RB) in (2.13).
Then braided pentagon equation (3.3) and (1) ensures that ∆B : B → M(B ⊠R
B) is a G-equivariant ∗-homomorphism, satisfies (3.8) and coassociative. Finally,
∆B(B)(B ⊠R B) = ∆B(B)j1(B)j2(B) = (B⊠R B)j2(B) = B⊠R B shows that ∆B
is nondegenerate. 
4. Braided multiplicative unitary of Eq(2) groups
Let {ep}p∈Z be an orthonormal basis of H = ℓ
2(Z). The operator Nˆep := pep
is an unbounded densely defined self adjoint operator with Sp(Nˆ) = Z and gen-
erates the C∗-algebra C0(Z). The operator zep := ep+1 is unitary and generates
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the C∗-algebra C(T). A simple computation shows that z and Nˆ satisfy the follow-
ing commutation relation
z∗Nˆz = Nˆ + 1H. (4.1)
Define W ∈ U(H⊗H) by
W := (1H ⊗ z)
Nˆ⊗1H =
∫
Z×T
xsdENˆ (s)⊗ dEz(x),
where dENˆ and dEz are the spectral measures of Nˆ and z, respectively. The
commutation relation (4.1) gives the action of W on the orthonormal basis {ek ⊗
el}k,l∈Z by ek ⊗ el → ek ⊗ el+k. It is easy to verify that W is a manageable
multiplicative unitary with Q = idH and W˜(e¯k ⊗ el) := e¯k ⊗ el+k. W generates the
compact quantum group T G = (C(T),∆C(T)):
C(T) = {(ω ⊗ idK(H))W | ω ∈ B(ℓ
2)∗}
−closed linear span,
∆C(T)(z) =W(z ⊗ 1H)W
∗ = z ⊗ z.
The dual Gˆ of G is Z: Gˆ := (C0(Z),∆C0(Z)), where ∆C0(Z)(Nˆ) = Nˆ ⊗ 1C0(Z) ∔
1C0(Z) ⊗ Nˆ .
Recall the R-matrix R: Z × Z → T defined in (1.5). Then G is a quasitrian-
gular quantum group with respect to R and Rep(G) a unitarily braided monoidal
category.
Let L := H ⊗ H and fix the orthonormal basis {ei,j := ei ⊗ ej}i,j∈Z of L.
Define U := 1H ⊗W ∈ U(H
⊗3) ∼= U(L ⊗ H). Clearly, U(ei,j ⊗ ep) = ei,j ⊗ ep+j .
Since W ∈ U(K(H)⊗C(T)) then U is also an element of U(K(L)⊗C(T)) which we
denote as U. Also, the first equation in (2.4) shows that U is a representation of G
on L. Hence (L,U) is an object of Rep(G).
Define α, β ∈ Mor(C(T),K(H)) by α(z) := U˜ and β(z) := V˜ , where U˜ and V˜
are unitary operators defined by U˜ep = ep+1 and V˜ ep = ζ
−pep, respectively.
Then (α, β) is a R-Heisenberg pair on H because U˜ and V˜ commute up to ζ:
U˜ V˜ ep = ζ
−pU˜ep = ζ
−pep+1 = ζV˜ ep+1 = ζV˜ U˜ep.
In fact, U˜ and V˜ generate noncommutative two torus. Using these we compute the
unitary Z ∈ U(L ⊗ L) in (2.12). Equivalently, Z is uniquely defined by
Z12 = U
∗
2βU
∗
1αU2βU1α in U(L ⊗ L⊗H), (4.2)
where U1α = (1H⊗1H⊗U˜)
(1H⊗Nˆ⊗1H) and U1β = (1H⊗1H⊗V˜ )
(1H⊗Nˆ⊗1H). Clearly,
on the basis elements we have U1α(ei,j ⊗ ep) = ei,j ⊗ ep+j and U1β(ei,j ⊗ ep) =
ζ−pjei,j ⊗ ep respectively. Therefore,
U∗2βU
∗
1αU2βU1α(ei,j ⊗ ek,l ⊗ ep) = ζ
−(p+j)lU∗2βU
∗
1α(ei,j ⊗ ek,l ⊗ ep+j)
= ζ−(p+j)l+plei,j ⊗ ek,l ⊗ ep = ζ
−jlei,j ⊗ ek,l ⊗ ep.
Hence the the unitary braiding operator := ZΣ ∈ U(L ⊗ L) is given by
Z(ei,j ⊗ ek,l) = ζ
−jlei,j ⊗ ek,l, ei,j ⊗ ek,l = ζ
−jlek,l ⊗ ei,j . (4.3)
Define a closed operator X = |X |ΦX on L ⊗ L by
|X |ei,j ⊗ ek,l = |q|
k−i+1ei,j ⊗ ek,l,
ΦXei,j ⊗ ek,l = ζ
−jΦk−i+1q ei−1,j−1 ⊗ ek−1,l+1,
Xei,j ⊗ ek,l = ζ
−jqk−i+1ei−1,j−1 ⊗ ek−1,l+1.
(4.4)
Then X is a normal operator because |X | commutes with its phase ΦX in the polar
decomposition and Sp(X) = C
|q|
.
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Now we recall the operators v, n from (1.3) and express X in terms of them.
Since n is closed and injective, it is invertible and on the standard basis elements
we have n−1ei,j = q
−iei,j−1. Define P ∈ U(L) by
Pei,j = ζ
−jei,j . (4.5)
Then the following computation shows
(n−1vP⊗vn)ei,j⊗ek,l = ζ
−jqk(n−1⊗v)ei−1,j⊗ek,l+1 = ζ
−jqk−i+1ei−1,j−1⊗ek−1,l+1
X = n−1vP ⊗ vn.
The quantum exponential function F|q|(z) : C
|q|
→ T is defined in [18] by
F|q|(z) =
{∏∞
k=0
1+|q|2kz
1+|q|2kz
if z ∈ C
|q|
\ {−|q|
−2k
| k = 0, 1, · · · },
−1 otherwise
Since F|q| is a unitary multiplier of C0(C
|q|
), we observe F|q|(X) ∈ U(L ⊗ L).
Theorem 4.6. Let V = W13W23 ∈ U(H ⊗ H ⊗ H ⊗ H). Then the operator
F := F|q|(X)V is a manageable braided multiplicative unitary on L ⊗ L over G =
(C(T),∆C(T)) relative to (U,R).
The rest of this section is devoted to the proof of this theorem.
Lemma 4.7. Define T (λ) := F|q|(λX) for all λ ∈ C
|q|
. Then
F|q|(X)23T (λ)12 = T (λ)12F|q|(λn
−1vP ⊗ v2P ⊗ vn)F|q|(X)23 in U(L ⊗ L ⊗ L).
Proof. Fix an element λ ∈ C
|q|
. The operators R = λn−1vP ⊗ vn ⊗ 1 = λX12
and S = λn−1vP ⊗ v2P ⊗ vn are normal, each pair of operators (|R|, |S|) and
(ΦR,ΦS) strongly commute and
ΦR|S|Φ
∗
R = |q|
−1|S|, ΦS |R|Φ
∗
S = |q||R|, Sp(R), Sp(S) ⊂ C
|q|
.
Also R−1S = 1 ⊗ n−1vP ⊗ vn = X23 is normal with spectrum C
|q|
. Then [18,
theorem 2.1-2.2] show that R∔ S is normal with spectrum C
|q|
and
F|q|(R
−1S)RF|q|(R
−1S)∗ = R∔ S.
Since the functional calculus is compatible with conjugation by unitaries, [18, The-
orem 3.1] implies
F|q|(R
−1S)F|q|(R)F|q|(R
−1S)∗ = F|q|(F|q|(R
−1S)RF|q|(R
−1S)∗)
= F|q|(R ∔ S) = F|q|(R)F|q|(S). 
For λ ∈ C
|q|
define Fλ := F|q|(λX)V ∈ U(L ⊗ L).
Proposition 4.8. The family of unitaries {Fλ}
λ∈C
|q| commute with U U and
satisfy a variant of the braided pentagon equation (3.3):
F23F
λ
12 = F
λ
12 23F
λ
12
∗
23F23 in U(L ⊗ L⊗ L). (4.9)
Proof. The unitaries W25W45 and W13W23 commute in U(H
⊗5). Identifying L =
H ⊗H and L ⊗ L ⊗ H = H⊗5 we get U U and V12 commutes in U(L ⊗ L ⊗ H).
Moreover U U(ei,j ⊗ ek,l ⊗ ep) = ei,j ⊗ ek,l ⊗ ep+j+l shows the operators |X |12
and (ΦX)12 defined in (4.4) commute with U U. Therefore U U commutes
with λX12 for all λ ∈ C
|q|
. Since the functional calculus is compatible with conju-
gation by unitaries we obtain U U commutes with F|q|(λX)12 and consequently
with Fλ12 in U(L ⊗ L ⊗H).
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The action of vn and V = W13W23 on the basis elements of L and L ⊗ L are
given by ei,j → q
iei−1,j+1 and ei,j ⊗ ek,l → ei,j ⊗ ek+i+j,l, respectively. Therefore,
V(vn⊗ 1L)V
∗ei,j ⊗ ek,l = V(vn⊗ 1L)ei,j ⊗ ek−i−j,l
= qiVei−1,j+1 ⊗ ek−i−j,l
= qiei−1,j+1 ⊗ ek,l = (vn⊗ 1L)ei,j ⊗ ek,l (4.10)
implies that V commutes with vn⊗ 1. This implies that (4.9) is equivalent to
F|q|(X)23T (λ)12V23V12V
∗
23F|q|(X)
∗
23 = T (λ)12V12Z23T (λ)13V13Z
∗
23,
where {T (λ)}
λ∈C
|q| is the family of unitary operators defined in Lemma 4.7.
Now V is a multiplicative unitary because V23V12(ei,j ⊗ ek,l ⊗ es,t) = ei,j ⊗
ek+i+j,l ⊗ es+k+i+j+l,t = V12V13V23(ei,j ⊗ ek,l ⊗ es,t). This simplifies the last
equation to
F|q|(X)23T (λ)12V12V13F|q|(X)
∗
23 = T (λ)12V12Z23T (λ)13V13Z
∗
23.
Using (4.4) we compute
V
∗
13V
∗
12X23V12V13(ei,j ⊗ ek,l ⊗ es,t)
= V∗13V
∗
12X23(ei,j ⊗ ek+i+j,l ⊗ es+i+j,t)
= ζ−lq(s+i+j)−(k+i+j)+1V∗13V
∗
12(ei,j ⊗ ek+i+j−1,l−1 ⊗ es+i+j−1,t+1)
= ζ−lqs−k+1ei,j ⊗ ek−1,l−1 ⊗ es−1,t+1 = X23(ei,j ⊗ ek,l ⊗ es,t).
Therefore, V12V13 commutes with F|q|(X)23 and this implies
F|q|(X)23T (λ)12F|q|(X)
∗
23V12V13 = T (λ)12V12Z23T (λ)13V13Z
∗
23.
Next we compute
V12Z23X13Z
∗
23V
∗
12(ei,j ⊗ ek,l ⊗ es,t)
= ζltV12Z23X13(ei,j ⊗ ek−i−j,l ⊗ es,t)
= ζltζ−jqs−i+1V12Z23(ei−1,j−1 ⊗ ek−i−j,l ⊗ es−1,t+1)
= ζlt−j−l(t+1)qs−i+1ei−1,j−1 ⊗ ek−2,l ⊗ es−1,t+1
= X13(1⊗ v
2P ⊗ 1)(ei,j ⊗ ek,l ⊗ es,t).
This implies
F|q|(X)23T (λ)12F|q|(X)
∗
23V12V13 = T (λ)12F|q|(λn
−1vP ⊗ v2P ⊗ vn)V12Z23V13Z
∗
23.
Finally, observe that V13 commutes with Z23 and then the last equation follows
from Lemma 4.7. 
In particular, for λ = 1 the Proposition 4.8 shows that F is a braided multiplica-
tive unitary over G = (C(T),∆C(T)) with respect to (U,R).
It remains to show that F is manageable. We start with the description of the
operator Z˜ appearing in the definition 3.4. The contragradient Uc = UT⊗R of U,
where R(z) := z∗ is the bounded coinverse of G, acts on the basis elements ei,j ⊗ ep
as Uc ei,j ⊗ ep = ei,j ⊗ ep−j. A similar calculation for Z˜ like that of Z yields
Z˜ ei,j ⊗ ek,l = ζ
jlei,j ⊗ ek,l.
Next we define the operator QL required by definition 3.4:
QLei,j = |q|
jei,j
This is a strictly positive operator on H with spectrum |q|Z∪{0}. A simple calcula-
tion shows that V and X commute with QL ⊗QL and therefore F commutes with
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QL ⊗ QL. Also the unitary U leaves the first factor of the standard basis vector
unchanged and Q = idH implies U commutes with QL ⊗Q.
Finally, we need a unitary F˜ ∈ U(L ⊗ L) that satisfies (3.5). It is sufficient
to check this if the involved vectors x, y, u, v are standard basis vectors x = ei,j ,
y = es,t, u = ek,l and v = ea,b. Using the explicit formulas for Z, Z˜, V and Q, we
rewrite (3.5) as
ζjl〈ei,j⊗ek,l | F|q|(X) | es,t⊗ea+s+t,b〉 = |q|
l−bζ−jb〈es,t⊗ek,l | F˜ | ei,j⊗ea,b〉 (4.11)
for all a, b, i, j, k, l, s, t ∈ Z. To compute the left hand side of (4.11) we shall use
the Fourier transformation of F|q| restricted on the concentric circles |z| ∈ |q|
Z
F|q|(z) =
∑
m∈Z
Fm(|z|)Φ
m
z ,
where z = Φz|z| and the coefficients Fm(|q|
n) for m,n ∈ Z are real and satisfies
Fm(|q|
n) = (−|q|)mF−m(|q|
n−m), (4.12)
see [1] or [21, Appendix A].
Now es,t ⊗ ea+s+t,b is an eigen vector of |X | with eigenvalue |q|
a+t+1 and ΦmX
acts on it by es,t ⊗ ea+s+t,b → ζ
−mt+ m(m−1)2 Φ
m(a+t+1)
q es−m,t−m ⊗ ea+s+t−m,b+m.
Thus
ζjl〈ei,j ⊗ ek,l | F|q|(X) | es,t ⊗ ea+s+t,b〉
=
∑
m∈Z
ζjl〈ei,j ⊗ ek,l | Φ
m
XFm(|X |) | es,t ⊗ ea+s+t,b〉
=
∑
m∈Z
ζjl−mt+
m(m−1)
2 Φm(a+t+1)q Fm(|q|
a+t+1)δi,s−mδj,t−mδk,a+s+t−mδl,b+m
= ζjl−(l−b)t+
(l−b)(l−b−1)
2 Φ(l−b)(a+t+1)q Fl−b(|q|
a+t+1)δi,s−l+bδj,t−l+bδk,a+s+t−l+b
= (−|q|)l−bζjl−(l−b)t+
(l−b)(l−b−1)
2 Φ(l−b)(a+t+1)q Fb−l(|q|
a+t+1−l+b)
δi,s−l+bδj,t−l+bδl−b,a+s+t−k.
The last expression is nonzero if and only if l− b = s− i = t− j = a+ s+ t− k. We
also notice that ζ = Φ2q. These imply that a+s+t−k = k−a−i−j, δl−b,a+s+t−k =
δl−b,k−a−i−j = δk+b−l,a+i+j and ζ
jl−(l−b)t+
(l−b)(l−b−1)
2 Φ
(l−b)(a+t+1)
q = ζjbΦ
(b−l)(s−k)
q .
Therefore, the left hand side of (4.11) becomes
ζjl〈ei,j ⊗ ek,l | F|q|(X) | es,t ⊗ ea+s+t,b〉
= (−|q|)l−bζjbΦ(b−l)(s−k)q Fb−l(|q|
k−s+1)δi,s−l+bδj,t−l+bδk+b−l,a+i+j .
Now we define an unbounded normal operator X˜ = |X˜ |Φ
X˜
with spectrum C
|q|
|X˜|(eij ⊗ ekl) := |q|
k−i+1 eij ⊗ ekl, ΦX˜(eij ⊗ ekl) := −Φ
k−i
q ei+1, j+1 ⊗ ek+1, l+1,
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and a unitary operator V˜ eij ⊗ ekl := eij ⊗ ek+i+j,l. We show that the unitary
F˜ := F|q|(X˜)
∗Z˜2V˜ satisfies (4.11):
|q|l−bζ−jb〈es,t ⊗ ek,l | F˜ | ei,j ⊗ ea,b〉
= |q|l−bζ−jb〈es,t ⊗ ek,l | F|q|(X˜)
∗Z˜2 | ei,j ⊗ ea+i+j,b〉
= |q|l−bζjb〈es,t ⊗ ek,l | F|q|(X˜)
∗ | ei,j ⊗ ea+i+j,b〉
=
∑
m∈Z
|q|l−bζjb〈es,t ⊗ ek,l | Fm(|X˜ |)
∗(Φ∗
X˜
)m | ei,j ⊗ ea+i+j,b〉
=
∑
m∈Z
|q|l−bζjbFm(|q|
k−s+1)〈es,t ⊗ ek,l | (Φ
∗
X˜
)m | ei,j ⊗ ea+i+j,b〉
=
∑
m∈Z
|q|l−bζjbFm(|q|
k−s+1)(−1)mΦm(s−k)q δs+m,iδt+m,jδk+m,a+i+jδl+m,b
= (−|q|)l−bζjbΦ(b−l)(s−k)q Fb−l(|q|
k−s+1)δi,s−l+bδj,t−l+bδk+b−l,a+i+j .
5. Braided Eq(2)-groups and bosonization
Now we are going to describe the braided C∗-quantum group constructed from
the manageable braided multiplicative unitary F in Theorem 4.6. Hence we shall
use all the notations introduced in the previous section.
Recall the crossed product C∗-algebra B = C0(C
|q|
) ⋊α Z with respect to the
Z-action defined by (1.2). Following (almost) a similar set of arguments used in
[4, Theorem 2.3] we first prove the following result.
Proposition 5.1. The C∗-algebras B corresponding to q and |q| are isomorphic.
Proof. Let q = |q|eiθ be the polar decomposition of q. For any element λ ∈ C
|q|
,
define
gθ(λ) =
{
λe−iθ log|q||λ| λ 6= 0,
0 λ = 0.
If λ = |q|meiψ 6= 0, then gθ(λ) = λe
−imθ. Thus gθ is continuous at all nonzero
λ ∈ C
|q|
. Let {λk} be a nonzero sequence in C
|q|
such that λk → 0 as k → ∞.
Then
gθ(λk) = λke
−iθ log|q| |λk| for all |λk| 6= 0.
Since |e−iθ log|q||λk|| is bounded for all |λk| 6= 0 we have gθ(λk)→ 0 = gθ(0) as k →
∞. Hence, gθ is continuous at all λ ∈ C
|q|
. Also, gθ separates points C
|q|
and
limλ→∞|g(λ)| = +∞. Therefore, gθ generates C0(C
|q|
), see [19, Section 3, Example
2].
Similarly, g−θ is also continuous and it is the inverse of gθ. So, gθ is a homeo-
morphism. Therefore, gθ(n) also generates C0(C
|q|
). A simple computation gives
gθ(qλ) = qλe
−iθ log|q||qλ| = qe−iθλe−iθ log|q||qλ| = |q|gθ(λ).
Then using functional calculus and the commutation relation (1.1) we obtain
vg(n)v∗ = g(qn) = |q|gθ(n).
This gives a canonical Z action, denoted by β, on C0(C
|q|
) replacing q by |q| in (1.2)
and the map n 7→ gθ(n) is Z-equivariant; hence it extends to an isomorphism of
crossed products C0(C
|q|
)⋊α Z and C0(C
|q|
)⋊β Z. 
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5.1. The underlying C∗-algebra. For any closed densely defined operator T
acting on a Hilbert space K the z-transform zT ∈ B(K) of T is defined by zT :=
T (1K + T
∗T )−
1
2 . Moreover, T is affiliated with a C∗-algebra E, denoted by T ηE,
if zT ∈ M(E) and (1K − z
∗
T zT )
−1E is dense in E. If T ∈ B(K) and T ηE, then
T ∈M(E), see [16, Example 1].
Recall that B is generated by v and n in the sense of [19, Definition 3.1]. In par-
ticular, this means v ∈ M(B) and nηB. Now zvn = vzn implies vnηB. Therefore,
the operators v, vnηB. It is also easy to verify that the pair of operators (v, vn)
satisfy the conditions of [19, Theorem 3.3]; hence v, vn also generate B.
Since vnηB and F|q| ∈ M(C0(C
|q|
)) we get n−1vP ⊗ vn = XηK(L) ⊗ B and
consequently F|q|(X) ∈ U(K(L) ⊗B). Also observe that
V = (1H⊗H ⊗ v
∗)(Nˆ⊗1H∔1H⊗Nˆ)⊗1L ∈ U(H⊗H⊗L) ∼= U(L ⊗ L),
where Nˆ is the self adjoint densely defined operator acting on H in Section 4. It was
already observed in the proof of Proposition 4.8 that V is a multiplicative unitary.
It is also easy to verify that V is manageable with QL = idL and V˜(ei,j ⊗ ek,l) :=
ei,j ⊗ ek+i+j,l, and also generates T as a quantum group. Thus V ∈ U(K(L) ⊗
C(T)) ⊂ U(K(L)⊗B), and consequently F ∈ U(K(L)⊗B).
On the other hand, B′ = {(ω ⊗ id)F | ω ∈ B(L)∗}
CLS is a C∗-algebra. There-
fore B′ ⊆M(C) and
B′B = {((ω ⊗ id)F(1K(L) ⊗ b)) | ω ∈ B(L)∗, b ∈ B}
−closed linear span
= {((ω ⊗ id)F(m⊗ b)) | m ∈ K(L), ω ∈ B(L)∗, b ∈ B}
−closed linear span
= {((ω ⊗ id)(m⊗ b)) | m ∈ K(L), ω ∈ B(L)∗, b ∈ B}
−closed linear span = B.
Proposition 5.2. The C∗-algebra B′ coincides with B.
Proof. It is sufficient to show that the operators v, vnηB′. Because this will imply
the faithful representation ϕ : B →֒ B(L) in (1.3) is an element of Mor(B,B′) and
hence BB′ = B′.
We consider the following family of unitaries {T ′(λ)}
λ∈C
|q| on U(L ⊗ L ⊗ L)
defined by
T ′(λ) = F|q|(λn
−1vP ⊗ P ⊗ vn)V13. (5.3)
Using (4.3) and (1.3) we compute
(vn⊗ 1L)
∗
ei,j ⊗ ek,l = ζ
lj (vn⊗ 1L)ek,l ⊗ ei,j = ζ
ljqk ek−1,l+1 ⊗ ei,j
= (P ⊗ vn)ei,j ⊗ ek,l (5.4)
Combining this with Proposition 4.8 we get
(Fλ)∗12F23F
λ
12F
∗
23 = 23F
λ
12
∗
23 = F|q|(λn
−1vP ⊗ P ⊗ vn)V13 = T
′(λ)
Expression at the extreme left of the above chain of equalities belongs to U(K(L)⊗
K(L) ⊗ B′), so is F|q|(λn
−1vP ⊗ P ⊗ vn)V13 for all λ ∈ C
|q|
. For λ = 0 we have
T ′(0) = V13; hence V ∈ U(K(L)⊗B
′). Now the slices (ω⊗ idK(L))V for ω ∈ B(L)∗
are dense in C(T) and v ∈ C(T) imply v ∈ M(B′). Also, F|q|(λn
−1vP ⊗P ⊗ vn) ∈
U(K(L)⊗K(L)⊗B′) for all λ ∈ C
|q|
. Combining [21, Theorem 5.1] and [12, Propo-
sition 7.11] give (n−1vP ⊗P ⊗vn)ηK(L)⊗K(L)⊗B′ and consequently vnηB′. 
5.2. Construction of the comultiplication map. Recall the faithful represen-
tation ϕ : B → B(H) in (1.3), the unitary operators z ∈ U(H) and U ∈ U(L ⊗ H)
from the Section 4. Also recall the actions of z ∈ U(H) and U ∈ U(L ⊗ H)
on the canonical basis elements ep and ei,j ⊗ ep are defined by z(ep) = ep+1
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and U(ei,j⊗ep) = ei,j⊗ep+j , respectively. We observe that U commutes with v⊗1
and
U(n⊗ 1)U∗(ei,j ⊗ ep) = q
iei,j+1 ⊗ ep+1 = n⊗ z(ei,j ⊗ ep).
Therefore the action δ : B → B ⊗ C(T) in (1.6) is implemented by U. Thus (B, δ)
is an object of C∗alg(G) and (U, ϕ) is a faithful covariant representation of (B, δ,G)
on L, where G = (C(T),∆C(T)). Next we define the canonical embeddings j1, j2 ∈
Mor(B,B ⊠R B) in (2.13) using the braiding unitary defined in (4.3). On the
generators v and n
j1(v) := v ⊗ 1, j2(v) := (v ⊗ 1)
∗
= Z(1⊗ v)Z∗ = 1⊗ v,
j1(n) := n⊗ 1, j2(n) := (n⊗ 1)
∗
= Z(1⊗ n)Z∗ = P ⊗ n,
(5.5)
where P ∈ U(L) is defined in (4.5). Observe that j1(n), j2(n)ηB ⊠R B.
Define ∆B(b) := F(b ⊗ 1B)F
∗ for all b ∈ B. By Theorem 3.6, (B,∆B) is the
braided C∗-quantum group over T generated by F.
Let us compute ∆B on the generators v, n. Since V generates T as a quantum
group, V(v ⊗ 1L)V
∗ = v ⊗ v. Also v ⊗ v(ei,j ⊗ ek,l) = ei−1,j ⊗ ek−1,l shows that it
commutes with both the operators |X | and ΦX in (4.4), so with X . Therefore,
∆B(v) := F(v ⊗ 1C)F
∗ = F|q|(X)V(v ⊗ 1)V
∗F|q|(X)
∗ = v ⊗ v = j1(v)j2(v).
A simple computation shows that R := j1(n)j2(v
∗) = n⊗ v∗, S := j1(v)j2(n) =
vP ⊗ n, and
X = R−1S = (j1(n)j2(v
∗))−1j1(v)j2(n) = n
−1vP ⊗ vn. (5.6)
Then R and S are unbounded densely defined normal operators and satisfy the
commutation relations [17, (0.1)]. SinceX = R−1S is also a normal normal operator
with spectrum C
|q|
, [17, Theorem 2.1-2.2] apply and show that R ∔ S is normal
with spectrum C
|q|
and
F|q|(X)(n⊗ v
∗)F|q|(X)
∗ = F|q|(R
−1S)RF|q|(R
−1S)∗ = R∔ S = n⊗ v∗ ∔ vP ⊗ n.
The following computation
V(n⊗ 1L)V
∗(ei,j ⊗ ek,l) = q
iei,j+1 ⊗ ek+1,l = n⊗ v
∗(ei,j ⊗ ek,l). (5.7)
gives ∆B(n) := F(n ⊗ 1B)F
∗ = j1(n)j2(v
∗) ∔ j1(v)j2(n). Now, nηB and ∆B ∈
Mor(B,B⊠RB) imply ∆B(n)ηB⊠RB. Thus ∆B in (1.7) extends to a coassociative
element of MorG(B,B⊠R B) and satisfies the cancellation conditions. In summary,
we obtain the following result.
Theorem 5.8. The pair (B,∆B) is the braided C
∗-quantum group over T generated
by the braided multiplicative unitary F.
Remark 5.9. Define p ∈ Mor(B,B) by p(v) = v and p(n) = 0. Existence of p is
guaranteed by the universal property of B. Clearly, Im(p) = C(T). Furthermore,
the restriction of the action δ of G on C(T) is trivial and (5.5) implies ∆B(v) =
v⊗v = ∆C(T)(v). This shows that p ∈Mor
G(B,C(T)) and satisfies (p⊠p)∆B(v) =
∆C(T)(p(v)). Hence, T is a closed quantum subgroup of Eq(2).
If q ∈ R, then ζ = 1 which implies the braiding operator = Σ in (4.3).
Consequently, F is an ordinary manageable multiplicative unitary, ⊠R coincides
with ⊗ and (1.7) also coincides with (1.4). In conclusion, we have
Corollary 5.10. For real deformation parameters 0 < |q| < 1, the deformation
(B,∆B) coincide with Woronowicz’s Eq(2) groups.
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5.3. The bosonisation. The R-matrix in (1.5) corresponds to the group homo-
morphism Z ∋ m → R(·,m) ∈ Ẑ ∼= T and it induces unique representation V ∈
U(K(L)⊗C0(Z)) ⊂ U(L⊗H) of Gˆ = (C0(Z),∆C0(Z)) on L defined by V(ei,j⊗ep) =
ζ−pjei,j ⊗ ep satisfying (A.3). Define Vˆ ∈ U(C0(Z) ⊗K(L)) ⊂ U(H⊗L) by
Vˆep ⊗ ei,j = ζ
pjep ⊗ ei,j. (5.11)
By virtue of Theorem 3.6 the managable braided multiplicative unitary F ∈ U(L⊗
L) constructed in Theorem 4.6 relative to (U,R) is also a manageable braided
multiplicative unitary in the sense of [9, Definition 3.2].
According to [9, Theorem 3.8] and [12, Theorem 4.10]
W :=W13U23Vˆ
∗
34F24Vˆ34 in U(H⊗L⊗H⊗L) (5.12)
is a manageable multiplicative unitary. LetW generates the C∗-quantum groupH =
(C,∆C).
The C∗-algebra C = jC(T)(C(T))jB(B) ⊂ B(H⊗L) where, jC(T)(z) = z ⊗ 1 and
jB(b) = Vˆ
∗
(1 ⊗ b)Vˆ, where z is the unitary generator of C(T) and b ∈ B ⊂ B(L).
The concrete realisations of v, n, z give
jB(v) = 1⊗ v, jC(T)(z)jB(v) = jB(v)jC(T)(z),
jB(n) = P
′ ⊗ n, jC(T)(z)jB(n) = ζjB(n)jC(T)(z),
where P ′ ∈ U(H) defined by P ′ep = ζ
−pep. Equivalently, C = B ⋊ Z with respect
to the Z-action on B given by (k, v)→ v and (k, n)→ ζkn for all k ∈ Z.
Recall the identification L ∼= H ⊗ H. We have already observed U = W23 ∈
U(H⊗3). Using these we rewrite (5.12) as
W =W14W34Vˆ
∗
456F|q|(n
−1vP ⊗ vn)2356W25W35Vˆ456 in U(H
⊗6). (5.13)
Since Vˆ456 acts trivially on the fifth leg it commutes with W25W35. Moreover,
Vˆ
∗
(1⊗ vn)Vˆ = jB(vn) = P
′ ⊗ vn.
Thus, (5.13) gets simplified as
W =W14W34F|q|(n
−1vP ⊗ P ′ ⊗ vn)23456W25W35 in U(H
⊗6).
and the comultiplication map ∆C ∈ Mor(C,C ⊗ C) is given by ∆C(c) = W(c ⊗
1H⊗3)W
∗ for all c ∈ C. Clearly,
∆C(jC(T)(z)) = jC(T)(z)⊗ jC(T)(z), ∆C(jB(v)) = jB(v)⊗ jB(v).
Next we compute ∆C(jB(n)). By (5.7) we have
W25W35(jB(n)⊗ 1H⊗3)W
∗
35W
∗
25 = P
′ ⊗ n⊗ 1H ⊗ v
∗,
Furthermore, a variant of (5.6) gives
F|q|(n
−1vP ⊗ P ′ ⊗ vn)23456(P
′ ⊗ n⊗ 1H ⊗ v
∗)F|q|(n
−1vP ⊗ P ′ ⊗ vn)∗23456
= P ′ ⊗ n⊗ 1H ⊗ v
∗ ∔ P ′ ⊗ vP ⊗ P ′ ⊗ n.
Now using the concrete realisation of the operators v, n, P, P ′,W we compute
W14W34(P
′ ⊗ n⊗ 1H)ep ⊗ ei,j ⊗ es = ζ
−pqiep ⊗ ei,j+1 ⊗ es+j+1+p
= ((P ′ ⊗ n⊗ z)W14W34)ep ⊗ ei,j ⊗ es,
and
W14W34(P
′ ⊗ vP ⊗ P ′)ep ⊗ ei,j ⊗ eq = ζ
−p−s−jep ⊗ ei−1,j ⊗ es+p+j
= ((1H ⊗ v ⊗ P
′)W14W34)ep ⊗ ei,j ⊗ es.
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Combining the last four calculations we obtain
∆C(jB(n)) = jB(n)⊗ jC(T)(z)jB(v
∗)∔ jB(v)⊗ jB(n).
Summarising, we have the bosonization of Eq(2).
Theorem 5.14. Let C be the universal C∗-algebra generated by the the unitaries z˜, v˜
and the normal operator n˜ with Sp(n˜) = C
|q|
subject to the commutation relations
z˜v˜z˜∗ = v˜, z˜n˜z˜∗ = ζn˜, v˜n˜v˜∗ = qn˜.
There exists a unique ∆C ∈ Mor(C,C ⊗ C) such that
∆C(z˜) = z˜ ⊗ z˜, ∆C(v˜) = v˜ ⊗ v˜, ∆C(n˜) = n˜⊗ z˜v˜
∗ ∔ v˜ ⊗ n˜
and H = (C,∆C) is a C
∗-quantum group. Moreover, there exists an idempotent
Hopf ∗-homomorphism f ∈ Mor(C,C) with f(z˜) = z˜, f(v˜) = 1 and f(n˜) = 0. Its
image is the copy of C(T) generated by z˜ as a closed quantum subgroup of H and
its kernel is the copy of B generated by v˜, n˜ as the braided Eq(2) group over T.
6. Contraction procedure between braided SUq(2) and Eq(2) groups
Throughout this section we fix a complex deformation parameter 0 < |q| < 1,
the unitary R-matrix R: Z × Z → T, defined by (1.5) and T is a quasitriangular
compact quantum group G = (C(T),∆C(T)) with respect to R. We denote the
braided Eq(2) constructed in Theorem 5.8 by (BEq(2),∆Eq(2)).
Denote N0 = N∪{0}. Consider the Hilbert space LSUq(2) = ℓ
2(N0×Z) equipped
with an orthonormal basis {ei,j}i∈N0;j∈Z. Denote LEq(2) = ℓ
2(Z × Z) and fix an
orthonormal basis {ei,j}i,j∈Z for it. Recall that LEq(2) is an object of Rep(G)
with respect to the representation U(ei,j ⊗ ep) = ei,j ⊗ ep+j defined in Section 4.
Identification of the basis vectors of LSUq(2) with the corresponding basis vectors
of LEq(2) defines an embedding LSUq(2) →֒ LEq(2). Furthermore, the restriction
of U on LSUq(2) defines a representation of T on it. Consequently, we obtain a
T-equivariant embedding B(LSUq(2)) →֒ B(LEq(2)) and 1LSUq(2) is a T-equivariant
orthogonal projection onto LSUq(2).
Now we recall the braided SUq(2) = (BSUq(2),∆SUq(2)) group overG = (C(T),∆C(T))
with respect to R, constructed in [4]. Define α, γ ∈ B(LSUq(2)) by
αei,j :=
√
1− |q|2iei−1,j , γei,j := q
iei,j−1. (6.1)
Then BSUq(2) is the universal C
∗-algebra generated by α and γ. Define fα, fγ ∈
C0(C
|q|
) by fα(λ) =
√
1− |λ|2χ(λ) and fγ(λ) = λχ(λ), where χ is the indicator
function of the closed unit disc {z ∈ C | |z| ≤ 1}. The continuous functional
calculus give
α = vfα(n), γ = fγ(n). (6.2)
Following similar arguments in [17, Section 1] replacing µ by |q| it is easy to observe
BSUq(2) ⊂ BEq(2) and BSUq(2) = 1LSUq(2)BEq(2)1LSUq(2) .
Then the restriction of δ in (1.6) δ : BSUq(2) → BSUq(2) ⊗ C(T) defines an action
of G on BSUq(2). It is easy to verify that δ(α) = α⊗ 1BSUq(2) and δ(γ) = γ ⊗ z
∗ is
an action of T on BSUq(2), where z is the unitary defined in the first paragraph of
the Section 4. In fact, δ(b) = U(b ⊗ 1C(T))U
∗ for all b ∈ BSUq(2).
Consequently BSUq(2) ⊂ BEq(2) is T-equivariant, BSUq(2)⊠RBSUq(2) ⊂ BEq(2)⊠R
BEq(2) and the embeddings of BSUq(2) into BSUq(2) ⊠R BSUq(2) are obtained by re-
stricting j1, j2 ∈ Mor(BEq(2), BEq(2) ⊠R BEq(2)) in (5.5). In fact, a simple compu-
tation using (6.2) and (4.5) give j1(α) = α ⊗ 1, j2(α) = 1 ⊗ α, j1(γ) = γ ⊗ 1 and
j2(γ) = P
∗ ⊗ γ.
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The comultiplication map ∆SUq(2) : BSUq(2) → BSUq(2) ⊠R BSUq(2) is defined by
∆SUq(2)(α) = j1(α)j2(α) − qj1(γ)
∗j2(γ)
∆SUq(2)(γ) = j1(γ)j2(α) + j1(α)
∗j2(γ).
(6.3)
Consider the family of inner automorphisms {τk}k∈Z of BEq(2) define by τ
k(a) =
vkav−k for all k ∈ Z. By virtue of (1.1) we have
τk(v) = v, τk(n) = qkn.
Therefore, τk is T-equivariant, that is, (τk ⊗ id)δ = δ ◦ τk for all k ∈ Z. Similarly,
using (1.7) we observe that τk is an automorphism of braided C∗-quantum groups:
(τk ⊠ τk)∆Eq(2) = ∆Eq(2) ◦ τ
k for all k ∈ Z. (6.4)
The braided analogue of the contraction procedure [17] is contained is following
result.
Theorem 6.5. For any a ∈ BEq(2)
∆Eq(2)(a) = lim
k→∞
(τk ⊠ τk)∆SUq(2)
(
1LSUq(2)(τ
−k(a))1LSUq(2)
)
. (6.6)
Proof. The proof essentially follows from [17, Sections 2 & 3] replacing µ by |q|,
tensor product ⊗ of C∗-algebras by ⊠R and taking care of certain commutation
relations.
Recall the dense ∗-subalgebra BEq(2) of BEq(2) defined in [17, Equation 22]
BEq(2) = ∪k∈Zτ
l(BSUq(2)).
Suppose a ∈ BEq(2). For sufficiently large k, τ
−k(a) ∈ BSUq(2); hence ∆SUq(2)(τ
−k(a)) ∈
BSUq(2)⊠RBSUq(2). Also, a commutes with 1LSUq(2) . Therefore, (6.6) coincides with
the following expression
∆Eq(2)(a) = lim
k→∞
(τk ⊠ τk)∆SUq(2)(τ
−k(a)) for all a ∈ BEq(2). (6.7)
Define the following elements
t =
∞∏
k=1
(
1LSUq(2) − |q|
2kγ∗γ
)
∈ BSUq(2),
Y =
∞∑
r=0
( r∏
i=1
1
1− |q|2i
)(
−qj1(γ
∗)j2(γ)
)r(
j1(v)j2(v)
)−r
∈ BEq(2) ⊠R BEq(2).
(6.8)
Clearly, δ(γ∗γ) = γ∗γ ⊗ 1. Equivalently, γ∗γ is a degree zero T-homogeneous el-
ement of BSUq(2). Similarly, each term in Y is also degree zero T-homogeneous
element with respect to the diagonal action δ ⊲⊳ δ of T on BEq(2) ⊠R BEq(2)
mentioned in the Section 2.2. Therefore, both the elements t and Y are degree
zero T-homogeneous elements. We also observe that jp(α)jq(γ) = jq(γ)jp(α) for
all p, q = 1, 2.
These give the braided analogue of the formulae [17, Equation 42-43]:
lim
k→∞
αkv−k = t
1
2 , lim
k→∞
∆SUq(2)(α
k)(j1(v)j2(v))
−k = j1(t
1
2 )j2(t
1
2 )Y.
Consequently, for a ∈ BSUq(2) we prove that the right hand side of (6.7) is well
defined
lim
k→∞
[
(j1(v)j2(v))
k∆SUq(2)
(
v−kt
1
2
(
t−
1
2 at−
1
2
)
t
1
2 vk
)
(j1(v)j2(v))
−k
]
= lim
k→∞
[
(j1(v)j2(v))
k∆SUq(2)
(
(α∗)k
(
t−
1
2 at−
1
2
)
αk
)
(j1(v)j2(v))
−k
]
= Y˜ ∗∆SUq(2)(a)Y˜ , where Y˜ := ∆SUq(2)(t
− 12 )(j1(t
1
2 )j2(t
1
2 ))Y ∈ BEq(2) ⊠R BEq(2).
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Let ∆′(a) = Y˜ ∗∆SUq(2)(a)Y˜ for all a ∈ BSUq(2). For any l ∈ N and a ∈ BEq(2), (6.7)
implies (τ l ⊠ τ l)∆′(a) = ∆′(τ l(a)). Also, τ lf(n) → f(0)1LEq(2)) as l → ∞ almost
uniformly, abbreviated as a.u., for all f ∈ C0(C
|q|
). In particular, we have
a.u. lim
l→∞
τ l(α) = v, a.u. lim
l→∞
τ l(γ) = 0, (6.9)
Using the second limit in (6.9) we obtain
a.u. lim
l→∞
(τ l ⊠ τ l)Y = 1LEq(2) ⊗ 1LEq(2)), a.u. liml→∞
τ l(t
1
2 ) = 1LEq(2) . (6.10)
Consequently, the bounded sequence {al := τ
l(t)}l∈N in BEq(2) satisfies [17, Equa-
tion (39)]
a.u. lim
l→∞
∆′(τ l(t)) = a.u. lim
l→∞
(τ l ⊠ τ l)(Y ∗(t⊗ t)Y ) = 1B(LEq(2)⊗LEq(2)).
Thus, ∆′ uniquely extends to an element in MorG(BEq(2), BEq(2) ⊠R BEq(2)).
To complete the proof of (6.7), it is sufficient to verify
lim
l→∞
∆′(τ l(t
1
2αt
1
2 )) = ∆Eq(2)(v), lim
l→∞
∆′(τ l(t
1
2 γ∗t
1
2 )) = ∆Eq(2)(n). (6.11)
From the concrete realisation of n and P given by (1.3) and (4.5), it is easy to verify
that nP is a normal operator and Sp(nP ) = C
|q|
. Furthermore, (5.5) immediately
implies j1(n)j2(n) = nP ⊗ n. As immediate consequence of [17, Proposition 1.1]
we obtain
lim
l→∞
|q|−l‖(τ l(γ∗)⊠ τ l(γ))ψ‖ = 0, for all ψ ∈ D(j1(n)) ∩ D(j2(n)).
This implies
lim
l→∞
|q|−l‖(τ l ⊠ τ l)Y ψ − ψ‖ = 0, for all ψ ∈ D(j1(n)) ∩ D(j2(n)). (6.12)
Then the proof of (6.11) follows similarly from [17, Section 3 (Step 3)] using (6.3),
(??)–(6.12). 
Appendix A. Yetter-Drinfeld representation category over
quasitriangular quantum groups
Let G = (A,∆A) be a quantum group, let Ĝ = (Aˆ, ∆ˆA) be its dual, and let
W ∈ U(Aˆ⊗A) be the reduced bicharacter.
A G-Yetter-Drinfeld representation is a triple (L,U,V) consisting of a Hilbert
space L, representations U and V of G and Gˆ on L subject to the commutation
relation:
V12U13W23 = W23U13V12 in U(K(L)⊗ Aˆ⊗A), (A.1)
A morphism betweenG-Yetter-Drinfeld representations (L1,U
1,V1) and (L2,U
2,V2)
is an element t ∈ B(L1,L2) such that t ∈ Hom
G(U1,U2) in Rep(G) and t ∈
HomGˆ(V1,V2) in Rep(Gˆ), respectively. Let YDRep(G) denotes the category of
G-Yetter-Drinfeld representations. It is easy to verify that operation on YDRep(G)
defined by (L1,U
1,V1) (L2,U
2,V2) := (L1 ⊗ L2,U
1 U1,V1 V2) is a tensor
product with tensor unit C.
Proposition A.2. Let G = (A,∆A) be a quasitriangular quantum group with
an R-matrix R ∈ U(Aˆ ⊗ Aˆ). For any object (L,U) in Rep(G) the R-matrix R
induces a unique object (L,V) in Rep(Gˆ) such that (L,U,V) becomes an object in
YDRep(G). Moreover, the construction gives an injective braided monoidal func-
tor F : Rep(G) → YDRep(G) that maps (L,U) to (L,U,V) and leaves the mor-
phisms unchanged.
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Proof. Since R ∈ U(Aˆ⊗Aˆ) is a bicharacter, it is also quantum group homomorphism
from G to Gˆ. Let ∆R ∈ Mor(A,A⊗ Aˆ) be the right quantum group homomorphism
associated to it [6, Theorem 5.3]. Let (L,U) be an object in Rep(G). Consider the
unitary V˜ := U∗12
(
(idK(L) ⊗∆R)U
)
∈ U(K(L)⊗A⊗ Aˆ). In particular, ∆R satisfies
(∆A ⊗ idAˆ)∆R = (idA ⊗∆R)∆A. Using the last equation and the fact the U is a
representation, we compute
(idK(L) ⊗∆A ⊗ idAˆ)V˜ =
(
(idK(L) ⊗∆A)U
∗
)
123
((
idK(L) ⊗
(
(∆A ⊗ idAˆ)∆R
))
U
)
= U∗13U
∗
12
((
idK(L) ⊗
(
(idA ⊗∆R)∆A
))
U
)
= U∗13U
∗
12
(
(idK(L) ⊗ idA ⊗∆R)U12U13
)
= U∗13((idK(L) ⊗∆R)U)134 = V˜134.
By [6, Corollary 2.2] the second leg of V˜ is trivial; hence there is a unique ele-
ment V ∈ U(K(L)⊗ Aˆ) such that
(idK(L) ⊗∆R)U = U12V13 in U(K(L)⊗A⊗ Aˆ). (A.3)
Also, the first part of the proof of [6, Theorem 5.3] shows that (L,V) is an object
in Rep(Gˆ).
Now we show that (L,U,V) is an object in YDRep(G). The second condition
in (2.4) and the R-matrix condition (2.10) together imply
W23W13R12 =
(
(∆ˆ ⊗ idA)W
)
R12 = R12
(
(σ ◦ ∆ˆ ⊗ idA)W
)
= R12
(
σ12(W23W13)
)
= R12W13W23.
The bijective correspondence between R and ∆R in [7, Equation 32], the first con-
dition in (2.4) and the last identity give
W34
(
σ34
(
idAˆ ⊗ (∆ ⊗ idA)∆R)W
))
W∗34 = W34
(
σ34
(
W12W13R14
))
W∗34
= W34W12W14R13W
∗
34
= W12W34W14R13W
∗
34
= W12R13W14 = (idAˆ ⊗ (∆R ⊗ idA)∆)W.
Then slicing the first leg of the last computation by ω ∈ Aˆ′ we obtain
W23
(
σ23
(
(∆ ⊗ idA)∆R(a)
))
W∗23 = (∆R ⊗ idA)∆(a) for all a ∈ A.
Using this we now compute
U12V13U14W34 =
(
(idK(L) ⊗ (∆R ⊗ idA)∆)U
)
W34
=W34
(
σ34
(
(idK(L) ⊗ (∆ ⊗ idA)∆R)U
))
=W34
(
σ34
(
U12U13V14
))
= W34U12U14V13 = U12W34U14V13.
Cancelling the unitary U12 on the both sides of the last equation we obtain (A.1);
hence (L,U,V) is an object in YDRep(G).
Suppose (Li,U
i) and (Li,V
i) are objects in Rep(G) and Rep(Gˆ) respectively,
induced by the R-matrix of G for i = 1, 2. Let t ∈ HomG(U1,U2) in Rep(G). Then
U212(t⊗ 1A⊗Aˆ)V
1
13 = (t⊗ 1A⊗Aˆ)U
1
12V
1
13 = (t⊗∆R)U
= ((idK(L2) ⊗∆R)U
2)(t⊗ 1A⊗Aˆ)
= U212V
2
13(t⊗ 1A⊗Aˆ)
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Cancelling the unitary U212 on both sides of the last equation we get t ∈ Hom
Gˆ(V1,V2)
in Rep(Gˆ). Thus we have an injective functor F : Rep(G)→ YDRep(G) that maps
objects (L,U) → (L,U,V) and leaves the morphisms unchanged. Furthermore, F
preserves the tensor product of representations:
(idK(L1⊗L2) ⊗∆R)U
1 U2 = (idK(L1⊗L2) ⊗∆R)(U
1
13U
2
23)
= U113V
1
14U
2
23V
2
24
= U113U
2
23V
1
14V
2
24 = (U
1 U2)123(V
1 V2)124.
In particular, the proof of [8, Theorem 5.3] shows that F preserves the braidings.
Therefore, F is an injective braided monoidal structure preserving functor. 
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